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ABSTRACT 
This note is mGnly devoted to three-folds. In the first pert we give an example 
of en invertible sheaf L!?’ with Kodaim dimension three such that the base loous of 
the complete linear system 12 1 has codimension two and R* (2-l) # (0). This 
example gives a negative answer to a question posed by C. P. Remenujam in [R]. 
Moreover we obtain 8 result on the vanishing of the second cohomology group. 
In the second part we extend to the ease of dimension greater than two same 
results proved by Z&ski in [Z2] for surfeces. These results oonoern the oohomology 
of high multiples of an effective divisor. 
1. AN EXAXPLE ON THE VANISHING OF THE SECOND COHOMOLOGY GROUP 
Hereinafter we denote by X a non singular, projective variety over 
the complex field. For every invertible sheaf g on X we write 191 for 
the complete linear system determinated by HO(X, S) and we denote 
I#(*) the dimension of B(X, S). Moreover, we write SY and Sm for 
S @I 6’~ and *en respectively, Y being a subvariety of X, n E n. Finally, 
we note by x(S) the Kodaira dimension of S. 
C. P. Ramanujam proves in [RI, Th. 3, using a result of Grauert- 
Riemenschneider, the following generalization of the Kodaira vanishing 
theorem for algebraic varieties. 
THEOREM 1.1. Let 9 be an invertible sheaf on a variety X of dimension 
n, rn an integer with 1 <rn < tn ml thud for mm N > 0 the complete linear 
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system IZ’NI has the dimension of its base pint set Q n-m and has a 
projective image of dimension >m. Then Ei(X, 2-l) = (0) for 0~ i-cm. 
Next, the Author observes that it is not clear whether the hypothesis 
on the base point set of I59’I can be weakened to the assumption that 
the base point set be of dimension in - 2.* 
The following example gives a negative answer to the previous question. 
EXAMPLE. Take in X = x>s(Q) a non singular, elliptic curve C of order v. 
Denoting by 9 the sheaf Ox(n), n fixed positive integer, we consider on 
C a divisor D= 2~~ Pa and the sheaf @c(q) =Z @ Oc( -D). Since 
Pi@(C) # (0) it is possible to choose D so that O&I) is not isomorphic 
to 00. 
Let t: X -+ X be the blowup of X along D. We denote by Et the 
exceptional divisors, i = 1, . . . , nv, by d the proper transform of C and 
by 5? the sheaf t*Z @?I 0x( - EL1 Et). Then 2~ N t*&(q), hence 
deg 2~ = 0. Moreover, since the curves 6, C are isomorphic, one has 
95 + 0~. Therefore HO(28) = (0). It follows that d is a base curve of 121. 
Furthermore, let U: X’ -+ X be the blowup of x in a point P belonging 
to 0. Put p= L and consider on X’ the exact cohomology sequence: 
(1) 0 + EO(L’) + Eyu*L) --f Eya*L @I O,,) + El(L’), 
where E’ N J.YJ is th e exceptional divisor of c and L’ = o*L @ 0x(-E’). 
Now, we have a*L @ 0x9 N @E’ hence p(a*L @ @xl)# (0). Moreover E 
is a base component of la*LI since e is a base curve of ILI. It follows 
E”(L’)N Bo(u*L). Th ere ore, recalling (l), we have @(L’)#(O), hence f 
a2(ox, @ L’-1) Z(O) by duality. On the other hand x(o$ 8 L’) = 3. 
Indeed, putting v =r o cr and denoting by Et, i = 1, . . . . nv, the inverse 
images in X’ of the exceptional divisors EC of g, one has: 
N p*@x(n+4) @ OX~(-~(E’+~~~E~)). 
Choosing now the integer n such that x(Ox(n + 4) @ 9s~) = 3 we are done. 
Finally, it is easy to see that the proper transform c’ of d is the base 
locus of lo$ @ ~5’1 and deg (oz.! @ L’ @ Bc~)<O for large n. 
This example suggest the following statement on the vanishing of the 
second cohomology group. 
* Let S be an invertible sheaf and let P’ be the subsheaf of F genemted by HO(X, S). 
Then them is a unique sheaf of ideals I such that S’E I Q F. We define the baa pOan# 
eet of IS/ to be the support of the subscheme d&xxi by I. 
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PROPOSITION 1.2. Let X be a variety of dim.etin three, 9 an invertible 
deaf with ~(9) = 3 and such that the base point eet of 121 is a non singular 
curve C. Then if deg ZEP,= 0 and Sc/f10 is ample* we have 82(X, 3-i) = (0). 
For the proof we need the following Lemma. Let r~: X -+ X be the 
blowup of X along C, 2 the proper transform of 9, E the exceptional 
divisor. 
LEMMA 1.3. lswppose the sheaf .!Y to verify the hypothesap of Proposition 
1.2. Then there exists an integer q > 0 such that d% is generated by its global 
section8. 
PROOF. Assume 5? to have a base curve d = lJ;-, &‘g. Obviously d is 
contained in E. On the other hand the hypotheses made ensure the 
ampleness of the sheaf ps= a*9 @ @(-SE) @ OE, 8 denoting the 
multiplicity of 9 along C. Hence deg g&4> 0, i= 1, . . . . r. We prove that 
this leads to a contradiction. By Bertini’s Theorem there exists a surface 
S E 15&l, q > 0, S reduced and irreducible. Moreover we have 
where IL1 has not fixed components and the ag’s are positive integers. 
Consider on S the sheafs: 
n positive integer. One has: 
eg”b c ep;, et+ ezl,o, . . i= 1, . . . . r--l, 
ep& c e&, id, . . . . ?+, 8<#0. 
Since deg .@,> 0 the sheafs .@,, i = 1, . .., r, are amples. Hence: 
hye~yepj+)=o, i=i, . . . . 7-, t~+o, n> 0. 
Moreover, if L = @s(B), we have e$$/f3& N (e @ Jzm8,) @I 0s. On the 
other hand deg dp”B> 0, then isl(e~##$ = constant c > 0 for large n. It 
follows : 
(2) 
~s(e~b)+e>hi(e(;lb)>...>ILl(e~~,-*), i.e. 
hl(=!?;-a)+c>hl(% 8 Ys,), n > 0. 
Now we consider the exact sequence: 
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Since 2?&, is ample one has Hi(A?;r) = (0), n > 0. Using the inequality 
(2) we get the cohomology sequence: 
with N constant for large n. 
Let e(n) the superabundance of $@I, i.e. 
e(n) =P(L?g) -dim. Im (fl(.&) s HO(.J@$)}. 
Since 8’7 is a base curve it follows Im y C HO(.& @ #Jr), hence 
e(“) >hO(*) -hO(P; @ JR,). 
Therefore, recalling (3), e (n) increases with n as &J($. ). So we get a 
contradiction : it suffices to look at the exact cohomology siquence deduced 
from : 
0+2+-q+9n--+~ft+0, 
and to observe that hl(.& =constant for large n (see Proposition 2.1 
and also [Z2], 6.4.(a)). 
PROOF OF PROPOSITION 1.2. We put 9 = g-1 @ Q( -E). By Theorem 
1.1. and Lemma 1.3. we have JP(L?~l)=ZP(&i)=(0). Then, from the 
exacteness of 
Hq22;l) -+ Hq9) -+ H@-l), 
we obtain P(F)=(O). Therefore the exaot sequence 
gives a surjeotive morphism: 
H+FB) -+ sZ(S 8 Qx( - E)) + 0. 
But the hypotheses made ensure the ampleness of F;l, hence H$F,r) = (0) 
and therefore Hz(S @ 02(-E)) = (0). Repeating the same reasoning we 
obtain H2(46 @ 0x( -(a- l)E)) = (0), i.e. aZ(o*Fi) = (0). But Leray’s 
spectral sequence gives H~(u*.%‘-1) N H2(5-I), so we are done. 
It is possible to generalize Proposition 1.2. as follows: 
THEOREM 1.4. Let 22’ be an invertible sheaf on a variety X of dimension 
n, such that x(9) > 2. Suppose the base point set B of /9( to be non singular 
and dim. B<n- 2. Thn, if dp @ @g N &* and ~j3/~$, is ample we have 
Hyx, 9-l) = (0). 
* - means numerical equivalence. 
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PROOF. Choose a section H of X obtained by a general hypersurface 
of order r and consider the exact sequence: 
0 + $P-1 @I O*( --a) + 9-l += Jqij’ -+ 0. 
Since P($P-1 @ 0x(-H))= (0) for large r (see [F], p. 269) the assertion 
immediately follows by induction on n and taking into account that the 
hypotheses made are preserved on H. 
We conclude this part proving a converse implication with respect to 
Theorem 1.1. 
LEMMA 1.5. Let 9 be an invertible sheaf on a variety X of dimension 
n> 2. Suppose that _Epq is generated by its global sectiolts for come integer 
q>O. Therefore for every i=l, . . . . n-l we have: 
H+Y-m)=(O), m>l, j=O, . . . . i ++x($P)>i. 
PROOF. By Theorem 1.1. it remains to show the implication =+. In 
the case i = 1 the assertion easily follows uaing Leray’s spectral sequence 
(see [MI). Therefore, reasoning by induction on i, it suffices to prove 
that if Hj(d?-m) = (0), j= 0, . . ., i, m > 1, the equality ~(2) = i is excluded. 
We put 9=0x(9). By Bertini’s Theorem there exists a divisor D E IqBl, 
D irreducible and non singular. On the other hand the exactness of 
@(9-m) -+ H$Q”) + HJ+l(9-+q) 
gives Hj(Z’i”) = (0) for every j= 0, . . . , i - 1, m> 1. Thus by induction 
hypothesis, denoting by pl the morphism associated to JD, we have 
dim. p(D)>i--1, hence w(9)>& otherwise it would be dim. pl(D)=i-1, 
a contradiction. 
2. ON THE SUPERABUNDANCE OF A LINEAR SYSTEM 
The results to follow hold for an algebraically closed field k of arbitrary 
characteristic. We begin proving a Proposition which extends Theorem 
6.4(a) of [Z2]. 
PROPOSITION 2.1. Let 9’= OX@) be an invertible sheaf on a (non 
singulur) variety X of &men&on d > 2 8uch that 9 > 0 and x(.9) > 1. 
Moreover, &uppoae that 191 hcce not fixed components. Then, for every 
invertible sheaf .F= Ox(A), we have: 
Ad-l(9 @I 9”) =constant, for large n. 
PROOF. By Bertini’s Theorem there exists a divisor D E 191, D reduced 
and irreducible. We consider the exact sequence 
0-+~~9n-l-+~~9~--+2F @.Yg-+o. 
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It suffices to show that M-1(9 8 -E”“-1) > 7@(9 8 59) or, equivalently, 
Hd-l(9 @ 2z$)=(O), f or n > 0. By duality we have on D: 
Eld-l(F 8 9;) 1: H~(wD 8 (2F c3PD)-l) N HO(OD(KD-D.~ -nD2)).* 
In the case d=2 the assert immediately follows since 
deg (KD-D.Lil -nDz)<O 
if n is large enough. Now suppose d> 3 and let EI be a generic hyperplane 
section. Let us assume that there exists a divisor L,, E I&--D.d -nodal. 
Then we have: 
By use of Nakai Criterion we are done. In fact one has (P-2. Oa) > 0 
since ZZ is ample and ~0 > 0 for x(5?)> 1, with (x suitable positive 
integer. It follows (a “2.Ln)<0 for large n, a contradiction. Therefore 
IKD-D-d -nD21 =p) for 12 > 0. 
REUK. According to the proof, Proposition 2.1. can be reformulated, 
more precisely, as follows: there exists a positive integer nzo euch that 
h”‘(.F @ Sm) < hd-l(F @I -Ep”o) f or every m>m; furthermore mu= [no] 
where m = (Hd-2. KD -H+2. Da d)/(Hd-2.02). 
In particular, in the case 9t =8x, 9 = wx we hsve no = 2 and therefore 
ha-l(oa) < hd-‘(co%) for n > 2. 
COROLLARY 2.2. (8) Let ‘t&s a88U??M that Ipq( has nojixtd come& 
for some integer q> 1. Then hd-l&S?) is a periodic function of m, for lurge m, 
with period q. 
(b) If IS’QI has no jixed components for every q>qo, qo jixd integer, then 
hd-$9) = constant for large n. 
PROOF. (a) By Proposition 2.1. we hsve hd-+Wg+t) = cf (constant) 
for every i=O, . . . . q, n > 0. Thus hd-l(Sm) =Q whenever m E i (mod. q). 
Therefore hd-$.!i?m) = hd-l(S’m*) for m > 0. 
(b) One hits hd-l(-Ee”) = hd-$Ci?m’Qo*) for large m and r > 0. Hence 
Hd-l(P) = constant, n > 0. 
Next we consider the ease of three-folds. We shall prove the following: 
PROPOSITION 2.3. Let X be a variety of &men&on 3 and let -E”=Ox(SS) 
be an invertible sheaf on X, smh that 9 > 0, x(9)=3. Assume that 9’ is 
generated by its global se&m and let v: X -+ Y be the wphkm +fined 
* Here KD denotes the divisor e~eoci&.ed to the dualizing sheef UBD. 
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by 9. Then, if d(B) is the swperabundance of ILPj, the equality 
8p-J =pa(X) -$&a(Y) +n(ptm --Pa(~))*1 
holds for huge n, where DE )231 and C=q*(D).*s 
PROOB. Replacing 9 by some S’q, q positive integer, we can suppose 
v birational and Y normal (see [Z2], $ 6). As before, there exists a divisor 
D E 1.91, D reduced and irreducible (in the case oh. k- 0 we can also 
suppose D non singular). 
Obviously hO(Ox(nD)) = ho(&(nC)) for every n > 0. Putting for semplicity 
nC= Cn we ha,ve (see [Zl], p. 684) : 
h”(WnQ)) = -2-4 Y) -M -Cd, 
where 
2-&4-G)= -4+j1(-l)cp.(cU.). 
Whence : 
(4) ho&(W) = --pat Y) -,$ ( - I)( pa(c(,) + 4. 
The Riemann-Roth Theorem gives : 
~“(h-(nD)) = (nD)a-pa(X) +p,(nD) -pa((nD)2) +i(nD) + d(.Yfi) + 3, 
where i(nD) = hO(ox @ 0x( - nD)). Using Nakai’s Criterion one has 
i(nD) = 0 for n > 0 since D > 0. Therefore, recalling (4) : 
d(.JD) = -pcz( Y) - 2 (- l)f pa(C1,) + 4- (nD)s+ 
4-l 
+pdX) -p&D) +P~((~D)~) - 3. 
On the other hand pa(Q)=(q) - 1 (see [Zl] Part III, 4 10). Moreover, 
let U be the open subset on which the restriction 9)(~-1~~) is an isomorphism 
and put 2 = Y\ U. Taking into account that ~1 has connected fibres and 
X is irreducible (see also [EGA] III, 4.3.2, 4.3.12) we have cdrZs2. 
Hence : 
(6) 
((7:) = (no)3 (and therefore pa(c) = (nD)s- l), 
~a(G3 =z-d(n-Q2). 
In fact, in the case dim. Z = 0 we can choose D such that the restriction 
TD: D --t C is an isomorphism, so formulas (5) are trivial. Otherwise, 
*I We denote by p.(V) the arithmetic genus of a variety J’, i.e. (- l)dimv p.(V)= 
=x(&)--l. 
*a The fact that S(L?n) is, for large n, a polinomial of n of degree 1 is also a con- 
sequence of a more general result proved in [L-SJ . 
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if dim. Z= 1, we look at the curve Gm of C. We can assume that C% is a 
multiple of a generic hyperplane section of C and does not contain points 
of 2 n C. Then pa(C’z) =pa((nD)2). Analogously we have (Cs,) = (nD)S. 
Finally we get: 
(6) pa(G) -p&a =Nl)a(C) -pa(O). 
In fact it results (aee also [S], $ 4): 
(Pa(G) =wm + GM@) + t&w% 
PSW) =vm + PdPa(~2) + BP). 
Hence we have (6) by use of (5). In conclusion : 
WY =Pa(X) -PC4 Y) + 4pa(C) -PaP)). 
REMARK. In the case ch. k = 0 the equality pa(C) -I)@) =hl(&( (nD)2)) 
holds for large n. Indeed, it is easy to see that the curve y = D2 of the non 
singular surface D is such that IyI is base point free and 72 > 0. Then the 
assertion follows by [Z2], 6.3, 6.6(b). 
As a consequence we have the equivalence : hl(dtp”) = constant for large n 
i# pa(C)=pa(D). In fact, consider the exact sequence: 
Since hl(9;) =pa(D) -pa(C) for large n, one haa hl(L?‘n-1) > U(9), n > 0. 
The conclusion immediately follows from Proposition 2.3. 
COROLLARY 2.4. Suppose that the canonical sheaf OX of X satiefies the 
hypotties of 2.3. Then pa(X)=pa(Y). 
PROOF. Theorem 1.1. can be applied to ox. Hence, by duality, we have 
&II;) = 0 for every n> 2, i.e. pa(X) -pa(Y) =pa(C) -pa(D) = 0. 
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